The Role of Visualisation in Data Handling in Grade 9 within a Problem-centred Context
In the recent past, data handling has been neglected at secondary school level, perhaps partially due to the strong emphasis on developing arithmetic, algebra and geometry. For the first time, the South African curriculum includes substantial amounts of data handling at all grade levels. The introduction of more data handling in the secondary school curriculum in South Africa and the prevalence of many problems in the teaching of probability and statistics argues for a serious reconsideration of the way it is taught to the pupils. Currently this concern has been the focus of a call for reform in mathematics education by a body like the National Council of Teachers of Mathematics (NCTM) at all levels of schooling (NCTM, 1989; 2000) . The importance of visualisation in mathematics, at all levels of mathematical problem solving is well documented in the literature (Bishop, 1989; Maher & Alston, 1989; Moses, 1982; Wheatley, 1991) but almost nothing was done to appreciate visualisation in the learning of data handling. The paper therefore provides a qualitative examination from a Masters dissertation (Makina, 2005) of the role of visualisation in the learning of data handling. This is done through examining the thought processes involved by Grade 9 learners during visualisation while solving data handling tasks. Several roles of visualisation were identified and most were found to improve the critical and creative thinking of pupils during their learning of data handling. The results show that learners are likely to improve their performance in data handling if the awareness of the need to use visualisation creatively as a tool for understanding are highlighted.
My experience both as a classroom mathematics teacher and as a teacher educator indicates that generally data handling teaching is still teacher centred despite the strong calls for a move towards a student centred approach in a problem based atmosphere. It is still about dishing out rules that are rarely questioned, tasks that are textbook dependent and answers that should be either right or wrong. Another observation is students' understanding is dependent on their obtaining high or low marks that must come from repeating and re-repeating textbook exercises. We continually experience many of our mathematics teachers who teach mathematics in a very traditional expository way. They simultaneously constitute counterexamples in showing how to teach and how to do mathematics. In essence the teacher is translating the textbook into words and actions. Mathematics has more to do with reasoning than memorising facts and if we accept this then the processes they go through during problem solving should be respected. With the advent of a number of theories in mathematics (constructivism, etc.) that all encourage a vision of mathematics teaching in which students engage in inquiry and develop understanding of key concepts and practices, consideration of alternative approaches to the teaching of mathematics is necessary.
Occasionally when teachers work with students in class, the main task is to organise or develop teaching material and to help students construct new understandings based on the new knowledge in these materials. Through the use of formative assessments, teachers attempt to gain feedback into how well students are learning and into particular difficulties they might be having, followed by summative assessments to make a determination about overall learning that has been achieved. This however cannot be enough to guarantee successful teaching for understanding. Some ways to bridge the gap between learning and teaching have been suggested. For example Fennema and Carpenter (1998) suggested a general instructional model in which research based knowledge of students thinking is used to inform classroom instruction. In accordance with this view of Fennema and Carpenter, in this study visualisation is pursued to understand students' ways of thinking while solving problems so as to improve the teaching of mathematics. Teachers should take into account students' knowledge and thinking and recognise their limits of language. This paper raises an awareness of visualisation in the classroom as one of the approaches that aids in teaching of the subject mathematics with understanding. This paper argues that understanding the student's thinking during problem solving (visualisation) improves the teaching of mathematics. Therefore the research question is: What is the role of visualisation in the teaching of data handling? This paper carried this out using a bigger study (Makina, 2005) through determining the nature of the mental processes involved in problem solving, relating these processes to the defined processes of visualisation and identifying through these mental processes visualisation's role in the understanding of data handling.
Data handling
Data handling is a very special and important section of statistics. It is this section of statistics that takes a learner out into the real world of seeing data for him/herself, reflecting upon it individually or socially, and drawing conclusions from it. Data handling, according to Shaughnessy (1992, p. 470) , is describing, organising and reducing, representing, analysing and interpretation of data. South Africa has taken a move towards introducing more data handling in the schools. Data handling has become one of the important sections of mathematics at all grade levels in South Africa and is also an important part of the mathematics curricula for primary and secondary school classes in many countries. The usefulness of data handling for daily life, its instrumental role in other disciplines, the need for a basic data handling knowledge in many professions, and the important role of data handling in developing critical reasoning have been highlighted (Franklin et al., 2005; Gal, 2002; Hawkins, Jolliffe, & Glickman, 1991; Wild & Pfannkuch, 1999) . We live in a society that is being exposed to graphic images on an increasing basis. This exposure is part of a trend to graphic communication (Kress & van Leeuwen in Gerber, BoultonLewis, & Bruce, 1995, p . 77) which we cannot escape. The importance of data handling should therefore be followed by a great need to have it taught to the pupils with understanding.
In the recent past, data handling has been neglected at secondary school level, perhaps partially due to the strong emphasis on developing arithmetic, algebra and geometry. For the first time, the South African curriculum includes substantial amounts of data handling at all grade levels. The new curriculum that includes data handling appears to have been endorsed in South Africa by the Department of Education (2002, 2003) in a clear bid to improve the quality of statistics education to its citizens. The tendency towards a data-orientated teaching of statistics is shown in the curricular orientation for primary and secondary school levels where students are expected to design investigations, formulate research questions, collect data using observations, surveys, and experiments, describe and compare data sets, use and understand statistical graphs and measures, propose and justify conclusions and predictions that are based on data (e.g., Burrill & Camden, 2006; Lajoie, 1998; NCTM, 2000; Scheaffer, 2006) . Change in school curricula is seen as offering an existing opportunity to develop learners' statistical intuitions, to foreground the mathematical concepts embedded in statistical techniques, and to create contexts in which these can be linked to broader mathematical ideas of symbol use, reasoning and logical necessity (Ainley & Pratt, 2001) .Though South Africa has now accommodated reasonably enough probability and statistics in the schools, there still exist a general lack of enthusiasm for the subject -a general lack of understanding of the subject and its teaching. Therefore the introduction of more data handling in the secondary school curriculum in South Africa and the prevalence of many problems in the teaching of probability and statistics argues for a serious reconsideration of the way it is taught to the pupils. There is need to provide a rich knowledge base for the teachers through professional development that can support the current reforms in the 2000s.
Visualisation
Mathematics, as a human and cultural creation dealing with objects and entities quite different from physical phenomena, relies heavily on visualisation in its different forms and at different levels. Visualisation is described from the definition of mathematics as a science of patterns (Eisenberg & Dreyfus, 1991, p. 5) . The mathematician seeks patterns in number, space, science, computers and in imagination. If mathematics is the science of patterns, it is natural to try to find the most effective way to visualise these patterns and learn to use visualisation creatively as a tool for understanding. On the other hand Cobb, Yackel and Wood (1991) take on the issue of visualisation as a dualism created between mathematics in learners' minds and mathematics in their environment, present in what they call 'the representational view of mind' which they find to be prevalent in mathematics education today. In the representational view of mind, the overall goal of instruction is to help learners construct mental representations that correctly or accurately mirror mathematical relationships located outside the mind in instructional representations. Hence the visualisation process is one which involves visual imagery with or without a diagram, as an essential part of the method of solution (Presmeg, 1985, p. 298) . Presmeg (in Thornton, 2000, p. 254) lists five different kinds of visual imagery that she identified in her learners as concrete, pictorial imagery (pictures-in-the-mind), pattern imagery (pure relationships depicted in a visual-spatial scheme), memory images of formulae, kinesthetic imagery (involving muscular activity, e.g., fingers walking and dynamic (moving) imagery). Such is the diversity of different types of visual imagery. Kosslyn (1994, p. 23 ) describes visualisation as a cognitive process involving visual imagery in which images involved are either generated, inspected, transformed or used for mathematical understanding. There are micro-strategies within each of these general stages. It is these stages that were the cornerstones of the analysis of data that was done in the bigger study by Makina (2005) . In this paper visualisation is characterised as both the product (visual image) and the process (Bishop,1989, p. 9) and offers a method of seeing the unseen. This paper emphasises visualisation as a mental process that utilises visual imagery in the solution of problems in data handling.
There are still many issues concerning visualisation in mathematics education, which require careful attention. In the current educational climate there are at least three reasons why the role of visualisation in school mathematics which includes data handling needs to be re-evaluated (Thornton, 2000, p. 251 ). The first is that the current trend that identifies mathematics with the study of patterns, together with the ready availability of hand-held technology that can easily develop a general rule for a given pattern, has the potential to improve mathematical thinking. The second is that visualisation can often provide simple, elegant and powerful approaches to developing mathematical results and solving problems, in the process making connections between different areas of mathematics. The third is the importance of recognising and valuing different learning styles, and of helping learners to develop a repertoire of techniques for looking at mathematical situations. Previously it was believed that the products of mathematical work are more important than the process of how the results are achieved, and as a result it is these symbolic representations that were often held in high esteem, with visual tools seen at most as transitory steps on the way to real mathematics (Thornton, 2000, p. 251) . The whole process that leads to a mathematical result must now be appreciated. Appreciating the importance of visualisation, points to the need to use visualisation creatively as a tool for understanding. There is need to understand how pupils think during visualisation during problem solving in order to be able to teach data handling with understanding. It is important to listen to pupils since there is a difference between what we want children to learn and what they actually take from our lessons. Understanding the student's mind during problem solving (visualisation) improves the way a teacher gets closer to understanding his pupils. Therefore this paper analyses the important role of visualisation in the learning of data handling through the understanding of mental processes that take place during visualisation while Grade 9 pupils solve data handling problems. The research question was: What is the role of visualisation in the learning of data handling? This paper carried this out through determining the nature of the mental processes that are carried out during problem solving, relating these processes to the defined processes of visualisation (Kosslyn, 1994) and identifying through these mental processes the role of visualisation in the learning of data handling.
Method
In the main study (Makina, 2005) twelve Grade 9 learners was purposefully selected using a nonprobability sampling procedure in collaboration with the teacher of mathematics at a Secondary School. The distribution of the twelve pupils were as follows, four above average learners, four average learners and four below average learners and were selected by using previous class performance. This was done so as to be able to represent the type of thinking portrayed by learners of all abilities. Two sources of data were used for the investigation. These included handwritten responses from data handling tasks, and transcriptions of the audio-taped interviews. Appreciating the importance of the relationship between visualisation, critical and creative thinking points to the need to understand the mental processes that are involved during visualisation. All data were collected during organised one hour sessions which started with written responses from tasks, the marking of the written responses, followed immediately by the individual audio-taped interviews. The interviews were used to support data from handwritten responses so as to provide meaningful descriptions of the thought processes during visualisation. The tasks chosen for this research were selected since they had been previously used in researches to improve visualisation and could easily be adapted for use in the Grade 9 school classroom. The two tasks used are shown in Appendix B and are among some of the tasks used for the big study. The processes that occur during visualisation while Grade 9 pupils solved data handling tasks were analysed during the qualitative study and aided by Kosslyn's (1994) four stages of visualisation which are generation, inspection, transformation and use.
Data analysis, results and discussions
In this paper visualisation was investigated for the purpose of examining the role of visualisation for a better understanding of data handling by pupils. Through the use of Kosslyn's (1994) categories (see Appendix A), written responses and transcripts from the interviews were sorted based on the categories and rubrics. Within these categories of Kosslyn the thought processes involved during visualisation were described and recorded with the help of sub-categories. First and foremost pupils were able to "see the unseen" look into their minds. It was in their minds that all the processes of visualisation took place. The word 'see' here is used to refer to the mental images that the students were working on in their mind. It does not imply the 'see' that refers to vision. For example one learner gave the researcher this answer in Task 2 "I am trying to make a shape and I am thinking of a shape in my head. I am thinking of the dice." The images that resulted from the 'seeing' were only partly presented on paper. The conclusion here is that the whole process of visualisation can never be fully illustrated on paper, and the teacher has to probe for most of the processes for a better understanding of the pupils' thinking.
Major results of the mental processes experienced during visualisation are illustrated in the tables below. Tables 1, 2 and 3 give the mental processes that resulted from visualisation during problem solving. They were in turn associated with the process of visualisation suggested by Kosslyn (1994:3) . The processes involved during problems solving are interrelated with each other. It is therefore impossible to draw a clear line of whether a process is a result of self-regulation, critical thinking or assessment etc. For example self monitoring, self-regulation can simultaneously cause rich generated images to be transformed for use. Figure 1 justify the evidence of generation, inspection and then finally transformation that occurred in Task 1. A geometric body was described the way each pupil understood it from previous knowledge, also described as divergent thinking and comes from learners' higher-order thinking skills. Learner B's written work in Figure 1 shows a learner progressing from one shape to another and is evidence of an original image that was generated and went through a number of transformations achieved after inspection. Cubes were in some cases named as toy boxes or as a jack in the box.
Example 1
Learner I: A geometric body has air in it so I made a box.
Learner A: A geometric body has got sides all equal like it can form something eee….
Learner C: I discovered that a geometric body has a….should have space inside….
The self-monitoring process on the part of the learners played a role in the successful solution of their tasks and this is in accordance with Van den Berg (2004, p. 292 ) who advises that self-assessment or selfmonitoring enables critical and creative thinking processes. It also influences learners' responsiveness and plays a key role in determining how learners selectively attended during problem solving. During visualisation creativity, metaphors, analogies and animation are used to guide the reasoning process (Presmeg, 1992, p. 599) . Teaching strategies based on analogies and metaphors move from the known to the unknown and from the concrete to the abstract. Task 1 also required the learners to draw on paper the shape that could be made from the net shape that was given. Learner I physically made a cube out of paper, glue and cello-tape so as to clarify for herself the shape that was made from the net shape.
Interviewer: You made a box with the sides 2 cm each?
Learner I: I thought maybe I was just supposed to identify what this thing could make.
Interviewer: So you didn't want to draw anything on paper? Its like the problem says: "on the plane piece of paper provided draw the image obtained by unfolding a geometric body."
Learner I: Yaa. Its like, to me, it was obvious. The problem was quite obvious to me. When I looked at the paper I could see that in this thing we could do something like this box which can be six sides which is 1, 2, 3, 4, 5, 6. So I thought maybe I could make this box (showing the researcher the box she had physically made from paper, glue and sellotape) The above result provided evidence that learners at times were not always able to draw or write what they could mentally imagine. In substantiating this Wheatley (1998, p. 10) maintains that care must be exercised in inferring imaging from children's drawings, as learners cannot always draw what they can image. It is therefore true that the mental images of some learners have to work hand in hand with physical visual images if they are to be better critical and creative thinkers. Visualisation enables the use of concrete objects as mental visual aids during problem solving. It must, however be noted that concrete materials are not used to transmit visual images to learners but are vehicles to encourage problem solving, knowledge construction and the development and use of different kinds of imagery (Vinner in Owens & Clements, 1998, p. 215) . 
Divergent thinking Estimation

Figure 2: Learner E's written response to Task 2
Learner E developed her understanding of the problem and demonstrated increasingly abstract solution activity so that she could anticipate its results and was able to use the results to make future predictions through generalisation. Visualisation generated guided tactics, manipulations and decisions during problem solving and it therefore plays a central role in inspiring a whole solution beyond merely procedural but towards a more organised structure (Arcavi, 2003, pp. 216-233) .
Task 2 allowed the learner to use their results of part two to make future predictions. Approximating the number of accidents after 1991 was done through the study of relationships that were identified in the first part of the question.
Example 2
Interviewer: How did you predict the number of accidents that occurred in 1992?
Learner F: I could see it by looking at these numbers. There was a pattern that I recognised and if this pattern is to continue, 1991 will get about 10 accidents ….
In the above Example 2, Learner F recognised the need to use the word "about" to give his answer of the number of accidents that occurred in 1991. Visualisation through higher-order thinking skills offers a method of estimation and therefore enables prediction of results in data handling. Critical and creative thinking during visualisation simplifies the learner's limitation of the mind in thinking, learning and problem solving activities. This occurs in this paper when the learner is involved with problems that involve patterns that are too long to determine the n th term or if there was need for them to make future or previous predictions. 
Divergent thinking Estimation
During interviews the learners were always explaining why they had to go one way with the solution and not the other. Learner D had this to say on the problem in Task 3:
I did not draw a bar chart because the smallest amount is zero for buses and there is two for taxis and the biggest amount is 48 for bicycles and then that would be just too much of a big gap and it would mean a big big chart so and then I thought a pie chart would be better.
Learners mentioned many graphs that came to their mind but resorted to only one. Learner D was able to give a reason why though she had thought of drawing a bar chart, she resorted back to a pie chart. Learner D explained about big gaps occurring between the discreet data of buses, bicycles, etc., that would not give a nice bar chart. The statistical reason given by Learner D showed her competence in the handling of data during problem solving. Visualisation involves identification and selection of suitable materials to use for a particular problem through reflective thinking. Reflective thinking is a process whereby one keeps on checking on one self's problem solving process. All the other graphs that were not relevant to the learner were eliminated mentally and the learner was able to explain why they did not warrant attention. In substantiating this idea it is said persons who reflect on their activities or solutions have control over their thinking and they are able to pursue several paths to the solution rather than being in limitations (Wheatley in Zimmerman & Cumming, 1991, p. 535) . Visualisation, apart from consolidating of knowledge and correcting of mistakes, induces important refinements in methods.
Conclusion and recommendations
More specifically the investigation revealed some major processes, namely reflection, self-monitoring, self-regulation, divergent thinking, meta-cognition, mathematical generalisation, critical and creative thinking, transformation, metaphors, similes, and animation which in turn identified visualisation as an important component of critical and creative thinking. All these major processes illustrated in Table 4 are interrelated and emerged as a result of learners describing what they were thinking while working on each of the data handling. Visualisation o allows self-monitoring during the problem solving processes. o influences students' responsiveness and plays a key role in determining how students selectively attended during problem solving. o allows the generation of different images for the same described shape. o highlights to the discipline of mathematics the importance of key words. o encourages the choice of non-routine and realistic problems by the educators and therefore plays a key role in determining how teachers select tasks to be used in the classroom. o non-routine problems encouraged the pupils to inspect constructive useful mental images and therefore generate richer images. o at the service of problem solving, plays a central role in inspiring a whole solution beyond merely procedural but towards a more organised structure. o saves as a support and illustration of essentially symbolic results by in effect providing a proof in its own right. o during inspection it is responsible for the selecting and finalising of a quality type of visual image. o involves identification and selection of suitable materials to use for a particular problem o apart from consolidating of knowledge and correcting of mistakes, it induces important refinements in methods. o acting as a cognitive technology helps simplify the limitation of the mind in thinking, learning and problem solving activities. o whether in the form of concrete images, pattern images or dynamic images, has a key role to play in the development of students' mathematical power. o encourages estimation and therefore enables prediction of results in data handling.
Visualisation should serve as an integral part of teaching. The teacher must appreciate the process involved in reaching a solution rather than giving more attention to the end product in a solution. Teachers should understand the need for learners to communicate and interact with each other during data handling problem solving lessons. Successful solutions of problems during visualisation allow the learners to make connections between the data handling and many other areas of learners' experiences which include other subjects, other parts of the curriculum, mathematics learned in the past years and, above all, the real world. Educators should try and make the role of visualisation during problem solving clear to the learners if the learners are to take maximum advantage of it during problem solving. Engaging learners through the process of visualisation will enable learners to look at their own problem-solving processes critically. An understanding of the precise limitations of children's imagery could inform one how to use imagery in teaching. For example, if children's images are static, in that they cannot transform their images, then it would make sense to shift from trying to teach the them rules of transformation to teaching them the rules of formation. Similarly, if young learners are able to form images easily, while they have difficulty in maintaining them, it would be better to try to teach them by inducing a series of rather simple images and so forth. Teachers must be aware of the need to encourage the development of richer images during visualisation. Richardson (in Aspinwall, Shaw & Presmeg, 1997, p. 315) suggests that if imagery is to be useful in problem-solving, it needs to be controllable. The role of visualisation is important in data handling and in all the other subjects of the curriculum, and it must therefore be appreciated and taken advantage of. The highest minds are probably those in which it is not lost, but subordinated, and is ready for use on suitable occasions (Presmeg, 1986, p. 42) .The important role of visualisation that was identified within this paper led the researcher to conclude that encouraging visualisation during the learning and teaching of data handling should be a significant part of the school mathematics curriculum on all grade levels. It should be noted that selection of activities that encourage visualisation should be done with great care and their implementation and usage must be carefully planned. In order for mathematics teachers to appreciate the role of visualisation, the teachers themselves need to be aware of the role that visualisation plays in the teaching and learning of mathematics. This research made the teachers aware of the role of visualisation but there is need for more research to be done in order to improve teachers' visualisation skills in data handling. By ignoring visualisation, curricula not only fail to engage a powerful part of learners' minds in service of their mathematical thinking, but also fail to develop learners' skills at visual exploration and argument.Lastly the study appears to have managed to identify the role of visualisation through the description of the thought processes that learners go through while solving data handling problems. It can therefore be expected with some confidence that at least a part of the findings can be generalised to other situations that satisfy these requirements.
